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Abstract
In this paper, the authors establish the existence of nontrivial nonnegative periodic solutions for a class of
doubly degenerate parabolic equation with nonlocal terms by using the theory of Leray–Schauder’s degree.
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1. Introduction
In this paper, we consider the following boundary value problem for periodic doubly degen-
erate parabolic equation with nonlocal terms
∂u
∂t
− div(∣∣∇um∣∣p−2∇um)= (a −Φ[u])u, (x, t) ∈ QT , (1.1)
u(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ), (1.2)
u(x,0) = u(x,T ), x ∈ Ω, (1.3)
where m 1, p  2, Ω is a bounded domain in Rn with smooth boundary, QT = Ω × (0, T ),
Φ[u] :L2(Ω)+ → R+ is a bounded continuous functional, L2(Ω)+ = {u ∈ L2(Ω) | u  0,
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482 J. Wang, W. Gao / J. Math. Anal. Appl. 331 (2007) 481–498a.e. in Ω}, R+ = [0,+∞). This problem models some interesting phenomena in mathemati-
cal biology, where u = u(x, t) represents the density of the species at position x and time t ,
a = a(x, t) represents the maximal value of the natural increasing rate at location x and time t ,
and thus a − Φ[u] denotes the actual increasing rate. In this model, the rate of actual increase
is influenced not only by the density of the species at some local point but also by the amount
of the total species, which is described by the nonlocal term Φ[u]. The homogeneous Dirichlet
boundary value condition (1.2) describes that the boundary we consider in this model is lethal to
the species.
Our consideration in this paper is motivated by the model proposed by W. Allegretto and
P. Nistri [2], who studied the equation
∂u
∂t
−u = f (x, t,Φ[u], u, a)u, (1.4)
and obtained the existence of nontrivial nonnegative periodic solutions. Here the typical case of
f (x, t,Φ[u], u, a) is a − Φ[u]. Rui Huang, Yifu Wang and Yuanyuan Ke [7] extend the results
to a class of degenerate parabolic equations with nonlocal terms
∂u
∂t
−um = (a −Φ[u])u,
which is just the case of our equation for p = 2. During the recent years, many authors have
focused their eyes on the problems of semilinear and quasilinear equations with nonlocal terms,
see, for example, [2,4,5,10,16]. While, due to the relevant connections to gas or fluid flows media
and population dynamics, periodic problems for quasilinear degenerate parabolic equations have
been the subject of extensive study, see [1,3,8,9,11–14] and references therein.
In this paper, we consider a class of doubly degenerate diffusion equation—the well-known
non-Newtonian polytropic filtration equation, which is used to describe the nonstationary flow
in a porous medium of fluids with a power dependence of the tangential stress on the veloc-
ity of the displacement under polytropic conditions; it has been intensively studied (see [14,15]
and references therein). Equation (1.1) is degenerate when u = 0, or when the gradient of u
vanishes. This degenerate equation exhibiting a doubly nonlinearity generalizes the porous
medium equation (p = 2) and the parabolic p-Laplace equation (m = 1). If p = 2, m = 1,
then Eq. (1.1) becomes a nondegenerate parabolic equation and heat equation is its special case.
In our paper, due to the nonlinear term being of logistic type, we mainly emphasize finding
the uniform lower bound of maximum modulus of the related solutions, which is much more
difficult than finding the upper bound estimates in some circumstances. In fact, here the result
of [6] on the sup-bounds estimate of |∇u| plays an important role in getting the uniform lower
bound.
This paper is organized as follows. In Section 2, we introduce some necessary preliminaries
and give the statement of our main result. In Section 3, we give the proof of Theorem 2.1. More
precisely, we obtain the existence of nontrivial nonnegative solutions of problem (1.1)–(1.3) by
first using the method of Leray–Schauder degree to get the nontrivial nonnegative solution uεη
to the corresponding regularized periodic problem, which has a lower bound independent of ε, η,
and then passing to a limit by first letting η → 0 and then ε → 0.
2. Preliminaries and the statement of the main result
Assume that Φ[·] and a(x, t) satisfy the following conditions:
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C1‖u‖2L2(Ω) Φ[u]C2‖u‖2L2(Ω),
where 0 < C1  C2 are constants independent of u, R+ = [0,+∞), L2(Ω)+ = {u ∈
L2(Ω) | u 0, a.e. in Ω}.
(A2) a(x, t) ∈ CT (Q¯T ) may change sign, but{
x ∈ Ω: 1
T
T∫
0
a(x, t) dt > 0
}
= ∅,
where CT (Q¯T ) is a class of functions which are continuous in Ω¯ ×R and T -periodic with
respect to t .
By (A2) and the continuity of function a(x, t), there exist x0 ∈ Ω , r0 > 0 and constant a0 > 0
such that 1
T
∫ T
0 a(x, t) dt  a0 for all x ∈ B(x0, r0) ⊂ Ω .
Let μ1 be the first eigenvalue of the following eigenvalue problem
−v = μv in B
(
x0,
1
2
r0
)
,
v = 0 on ∂B
(
x0,
1
2
r0
)
.
Our main efforts center on the discussion of generalized solutions, since the regularity follows
from a quite standard approach. Hence we give the following definition of generalized solutions
of the problem (1.1)–(1.3).
Definition 1. A function u is said to be a generalized solution of the problem (1.1)–(1.3), if
u ∈ L∞(QT )∩CT (Q¯T ), um ∈ Lp(0, T ;W 1,p0 (Ω)) and u satisfies∫ ∫
QT
(
−u∂ϕ
∂t
+ ∣∣∇um∣∣p−2∇um∇ϕ − (a −Φ[u])uϕ)dx dt = 0, (2.5)
for any ϕ ∈ C1(Q¯T ) with ϕ(x,0) = ϕ(x,T ) and ϕ|∂Ω×(0,T ) = 0.
Due to the degeneracy of Eq. (1.1), we should consider the following regularized problem
∂uεη
∂t
− div((∣∣A(uεη)∇uεη∣∣2 + η) p−22 A(uεη)∇uεη)= (a −Φ[uεη])uεη,
(x, t) ∈ QT , (2.6)
uεη(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ), (2.7)
uεη(x,0) = uεη(x,T ), x ∈ Ω, (2.8)
where A(uεη) = mum−1εη + ε, ε is a constant satisfying 0 < ε  1/2 and η is a constant satisfying
0 < η  1/2. The desired solution of the problem (1.1)–(1.3) will be obtained as a limit of the
solutions uεη of the problem (2.6)–(2.8).
For fixed ε, η > 0, Eq. (2.6) is uniformly parabolic. However, though uεη is smooth enough,
we cannot ensure Φ[uεη] is smoother than C0. So we would not expect the right side of (2.6) to
have Cα smoothness. Furthermore, we do not expect the problem (2.6)–(2.8) to have a classical
solution. Now we should define the strong generalized solution of the problem (2.6)–(2.8).
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uεη ∈ L∞(QT )∩CT (Q¯T )∩W
• 2,1
q (QT ) and uεη satisfies Eq. (2.6) almost everywhere.
In order to employ topological methods to deal with the existence of nontrivial nonnegative
solutions of the problem (2.6)–(2.8), we introduce a map by considering the following problem
∂uεη
∂t
− div((τβ ∣∣B(uεη)∇uεη∣∣2 + η) p−22 B(uεη)∇uεη)= f, (x, t) ∈ QT , (2.9)
uεη(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ), (2.10)
uεη(x,0) = uεη(x,T ), x ∈ Ω, (2.11)
where β = 2
m−1 , B(uεη) = τmum−1εη + ε, τ ∈ [0,1] is a given parameter. Then, for any given
τ ∈ [0,1], f ∈ CT (Q¯T ), we define a map uεη = G(τ,f ) with G : [0,1] × CT (Q¯T ) → CT (Q¯T ).
Similarly to the discussion in [12], we can infer that the map uεη = G(τ,f ) is a compact con-
tinuous map. Let f (v) = (a − Φ[v])v+, where v+ = max{v,0}. It is not difficult to see that if a
nonnegative function uεη solves uεη = G(1, f (uεη)), then it is also a nonnegative solution of the
problem (2.6)–(2.8). Hence the existence of the nonnegative solution of the problem (2.6)–(2.8)
is equivalent to the existence of the nonnegative fixed point of the map uεη = G(1, f (v)).
Our main result is the following.
Theorem 1. If the assumptions (A1), (A2) hold, then the problem (1.1)–(1.3) admits a nontrivial
nonnegative periodic solution u.
3. Proof of the main result
First, we prove the nonnegativity of the solutions to the regularized problem. For the sake of
simplicity, we will denote uεη by u in the proof of the following lemmas and corollaries.
Lemma 1. If a nontrivial function uεη ∈ CT (Q¯T ) solves uεη = T (τ, σ (a − Φ[uεη])u+εη +
(1 − τ)), τ ∈ [0,1], σ ∈ [0,1], then
uεη(x, t) > 0, for all (x, t) ∈ QT .
And hence this nonnegative function u solves uεη = T (τ, σ (a −Φ[uεη])uεη + (1 − τ)).
Proof. We first prove that u 0. Multiplying Eq. (2.9) by u− and integrating the resulting rela-
tion over QT , we have
∫
Ω
T∫
0
σ
(
a −Φ[u])u+u− dt dx + ∫
Ω
T∫
0
(1 − τ)u− dt dx
=
∫
Ω
T∫
0
∂u
∂t
u− dt dx +
∫
Ω
T∫
0
(
τβ
∣∣B(u)∇u∣∣2 + η) p−22 (τmum−1 + ε)∇u∇u− dt dx
= 1
2
∫
Ω
T∫
0
∂
∂t
(u−)2 dt dx + ε
∫
Ω
T∫
0
(
τβ
∣∣B(u)∇u∣∣2 + η) p−22 |∇u−|2 dt dx
+ 4mτ
(m+ 1)2
∫ T∫ (
τβ
∣∣B(u)∇u∣∣2 + η) p−22 ∣∣∇(u−)m+12 ∣∣2 dt dx,Ω 0
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ity vanishes due to the periodicity of u, and first term of the left-hand side also obviously
equals 0. Furthermore, the second term of the left-hand side is nonpositive. Hence noticing that
(τβ |B(u)∇u|2 + η)p−22 > 0, we can see that
∫
Ω
T∫
0
|∇u−|2 dt dx  0.
The Poincaré inequality gives∫
Ω
|u−|2 dx  C
∫
Ω
|∇u−|2 dx,
where C > 0 is a constant depending only on Ω . Then we have
T∫
0
∫
Ω
|u−|2 dx dt  C
T∫
0
∫
Ω
|∇u−|2 dx dt  0,
which, together with the continuity of u−, implies that u− = 0, ∀(x, t) ∈ QT . Then u = u+  0
for (x, t) ∈ QT .
Next we prove u > 0. Since u is nontrivial, there exist x ∈ Ω and ξ ∈ (0, T ] such that
u(x, ξ) ≡ 0. We choose a nontrivial function 0  ψ(x) ∈ C∞0 (Ω) with ψ(x) < u(x, ξ). Sup-
pose K is a positive constant and v solves the following problem
∂v
∂t
− div((τβ ∣∣B(v)∇v∣∣2 + η) p−22 B(v)∇v)+Kv = 0, x ∈ Ω, t > ξ,
v(x, t) = 0, (x, t) ∈ ∂Ω × [ξ, T ],
v(x, ξ) = ψ(x), x ∈ Ω.
Noticing that u ∈ CT (Q¯T ) and the assumption (A1), we have Φ[u] ∈ CT (Q¯T ). This, to-
gether with a ∈ CT (Q¯T ) gives a − Φ[u] ∈ CT (Q¯T ). By the comparison theorem, we have
u(x, t) v(x, t) for a large enough constant K . By the maximum principle, we have v(x, t) > 0
for any given x ∈ Ω and t > ξ . Noticing that u is T -periodic with respect to t , we have
u(x, t) v(x, t) > 0 for all t > 0, namely u(x, t) > 0, ∀(x, t) ∈ QT . The proof is complete. 
Next, we should verify that the map u = G(τ,f (·)) satisfies some necessary conditions which
allow us to use the homotopy invariance of the Leray–Schauder degree.
Lemma 2. If a nontrivial function uεη solves uεη = G(1, σf (uεη)), σ ∈ [0,1], then there exists
a positive constant R independent of η, ε and σ , such that
‖uεη‖L∞(QT ) < R. (3.12)
Proof. Suppose u is a nontrivial solution of u = G(1, σf (u)), σ ∈ [0,1]. By Lemma 1, we
can see that u also solves u = G(1, σ (a − Φ[u])u). Multiplying Eq. (2.9) by u as τ = 1 and
integrating the resulting relation over QT , we have
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∫ ∫
QT
u
∂u
∂t
dt dx +
∫ ∫
QT
(∣∣A(u)∇u∣∣2 + η) p−22 A(u)|∇u|2 dt dx
=
∫ ∫
QT
σ
(
a −Φ[u])u2 dt dx.
Due to the periodicity of u with respect to t , we have∫ ∫
QT
u
∂u
∂t
dt dx = 0,
which, together with∫ ∫
QT
(∣∣A(u)∇u∣∣2 + η) p−22 A(u)|∇u|2 dt dx  0 and σ ∈ [0,1],
implies that∫ ∫
QT
(
a −Φ[u])u2 dt dx  0.
Let M = sup(x,t)∈Q¯T a(x, t). By the assumption (A1), we can see that
0
∫ ∫
QT
(
a(x, t)−Φ[u])u2 dt dx

∫ ∫
QT
Mu2 dt dx −
∫ ∫
QT
(
u2Φ[u])dx dt
M
∫ ∫
QT
u2 dt dx −C1
T∫
0
(∫
Ω
u2 dx
)2
dt,
namely,
T∫
0
(∫
Ω
u2 dx
)2
dt  C
T∫
0
(∫
Ω
u2 dx
)
dt, (3.13)
where C is a constant independent of σ , ε and η. The Cauchy inequality gives that∫
Ω
u2 dx  1
4α2
+ α2
(∫
Ω
u2 dx
)2
holds for any constant α > 0, which implies
T∫
0
∫
Ω
u2 dx dt  T
4α2
+ α2
T∫
0
(∫
Ω
u2 dx
)2
dt. (3.14)
Choosing a suitably small α and combining (3.14) with (3.13), we have
‖u‖L2(Q )  C, (3.15)T
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tion (A1), there exists a constant K > 0, such that u satisfies
∂u
∂t
− div((∣∣A(u)∇u∣∣2 + η) p−22 A(u)∇u)Ku. (3.16)
By the results in Ref. [6, Theorem 3.2, p. 121], we have
sup
(x,t)∈Ω×[T/2,3T /2]
u(x, t) C
3T /2∫
T/2
∫
Ω
udx dt.
It follows from the periodicity of u and the Hölder inequality that
‖u‖L∞(QT )  C‖u‖L2(QT ),
where C is a constant independent of η, ε and σ . Combining the above inequality with (3.15),
we obtain
‖u‖L∞(QT )  C,
where C is a constant independent of η, ε and σ . Choosing a constant R > C, we can see that
the lemma holds and the proof is complete. 
Corollary 1. There exists a positive constant R such that
deg
(
I −G(1, f (·)),BR,0)= 1,
where BR is a ball centered at the origin with radius R in L∞(QT ).
Proof. It follows from Lemma 2 that there exists a positive constant R independent of σ , such
that
u = G(1, σf (u)), ∀u ∈ ∂BR, σ ∈ [0,1].
Hence the degree is well defined on BR . From the homotopy invariance of the Leray–Schauder
degree, we can see that
deg
(
I −G(1, f (·)),BR,0)= deg(I −G(1, σf (·)),BR,0), ∀σ ∈ [0,1]. (3.17)
Obviously, G(1,0) = 0. Then, letting σ = 0 in (3.17) yields
deg
(
I −G(1, f (·)),BR,0)= deg(I,BR,0) = 1.
The proof is complete. 
Lemma 3. There exists a constant r > 0, such that no nontrivial solutions uεη of the equation
uεη = G(τ,f (uεη)+ (1 − τ)), τ ∈ [0,1], satisfy
0 < ‖uεη‖L∞(QT )  r.
Proof. Suppose u = G(τ,f (u) + (1 − τ)), τ ∈ [0,1] admits a nontrivial solution u satisfying
0 < ‖u‖L∞(QT )  r . By Lemma 1, u also solves u = G(τ, (a−Φ[u])u+(1−τ)) and u(x, t) > 0.
Hence for any given φ(x) ∈ C∞0 (Ω), we can choose φ
2
u
as a test function. Multiplying Eq. (2.9)
by φ
2
and integrating the resulting relation over QT , we obtainu
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QT
φ2
u
∂u
∂t
dt dx +
∫ ∫
QT
(
τβ
∣∣B(u)∇u∣∣2 + η) p−22 B(u)∇u∇(φ2
u
)
dt dx
=
∫ ∫
QT
(
φ2
(
a −Φ[u])+ (1 − τ)φ2
u
)
dt dx. (3.18)
By the periodicity of u, the first term of the left-hand side in (3.18) satisfies
∫ ∫
QT
φ2
u
∂u
∂t
dt dx =
∫
Ω
φ2
T∫
0
∂(lnu)
∂t
dt dx = 0. (3.19)
The second term of the left-hand side in (3.18) can be rewritten as∫ ∫
QT
(
τβ
∣∣B(u)∇u∣∣2 + η) p−22 B(u)∇u∇(φ2
u
)
dt dx
=
∫ ∫
QT
(
τβ
∣∣B(u)∇u∣∣2 + η) p−22 B(u)∇u(φ
u
∇φ + φ∇
(
φ
u
))
dt dx
=
∫ ∫
QT
(
τβ
∣∣B(u)∇u∣∣2 + η) p−22 B(u)(∇φ
u
)(
u∇φ − u2∇
(
φ
u
))
dt dx
+
∫ ∫
QT
(
τβ
∣∣B(u)∇u∣∣2 + η) p−22 B(u)φ∇u∇(φ
u
)
dt dx
=
∫ ∫
QT
(
τβ
∣∣B(u)∇u∣∣2 + η) p−22 B(u)|∇φ|2 dt dx
−
∫ ∫
QT
(
τβ
∣∣B(u)∇u∣∣2 + η) p−22 B(u)(u∇φ − φ∇u)∇(φ
u
)
dt dx
=
∫ ∫
QT
(
τβ
∣∣B(u)∇u∣∣2 + η) p−22 B(u)|∇φ|2 dt dx
−
∫ ∫
QT
(
τβ
∣∣B(u)∇u∣∣2 + η) p−22 B(u)u2∣∣∣∣∇
(
φ
u
)∣∣∣∣
2
dt dx.
So the inequality∫ ∫
QT
(
τβ
∣∣B(u)∇u∣∣2 + η) p−22 B(u)|∇φ|2 dt dx − ∫ ∫
QT
φ2
(
a −Φ[u])dt dx
=
∫ ∫
QT
(1 − τ)φ
2
u
dt dx +
∫ ∫
QT
(
τβ
∣∣B(u)∇u∣∣2 + η) p−22 B(u)u2∣∣∣∣∇
(
φ
u
)∣∣∣∣
2
dt dx  0
follows.
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γ = γ (N,p) such that
sup
[(x0,t0)+Q( 12 r0, 12 ρ)]
∣∣A(u)∇u∣∣
= C(N,p, r0, a0,μ1)
( ∫ ∫
[(x0,t0)+Q(r0,ρ)]
∣∣A(u)∇u∣∣p dt dx) 12 ∧ 1
2
(
a0
4μ1
) 1
p−2
,
for any (x0, t0) ∈ Q(T,3T ) = Ω×(T ,3T ), [(x0, t0)+Q(r0, ρ)] ⊂ Q(T,3T ) and ρ = min{T ,
√
a0r0
2
p+6
2
}.
On the other hand, by (2.6)–(2.8), we have∫ ∫
QT
∣∣A(u)∇u∣∣p dt dx max
QT
∣∣a(x, t)∣∣ ∫ ∫
QT
(|u|m+1 + |u|2)dt dx.
So
sup
[(x0,t0)+Q( 12 r0, 12 ρ)]
∣∣A(u)∇u∣∣
C(N,p, r0, a0,μ1)
(∫ ∫
QT
(|u|m+1 + |u|2)dt dx) 12 ∧ 1
2
(
a0
4μ1
) 1
p−2
,
which implies
∥∥A(u)∇u∥∥
L∞(B(x0,r0)×(0,T ))  C
(‖u‖m+12L∞(QT ) + ‖u‖L∞(QT ))∧ 12
(
a0
4μ1
) 1
p−2
,
where C is a constant independent of ε, η and τ .
Since(
τβ
∣∣B(u)∇u∣∣2 + η) p−22  2 p−22 (∣∣A(u)∇u∣∣p−2 + η p−22 ),
we have∫ ∫
QT
2
p−2
2
(∣∣A(u)∇u∣∣p−2 + η p−22 )B(u)|∇φ|2 dt dx − ∫ ∫
QT
φ2
(
a −Φ[u])dt dx

∫ ∫
QT
(
τβ
∣∣B(u)∇u∣∣2 + η) p−22 B(u)|∇φ|2 dt dx − ∫ ∫
QT
φ2
(
a −Φ[u])dt dx  0.
From ε, η ∈ (0, 12 ), τ ∈ (0,1), we have B(u) = τmum−1 +ε mrm−1 + 12 . By the approximating
process, we can let φ = φ1, where φ1 is the positive eigenfunction of the first eigenvalue μ1. Then
we have ∫ ∫
B(x0,
1
2 r0)×(0,T )
φ21
(
a −Φ[u])dt dx

∫ ∫
B(x , 1 r )×(0,T )
2
p−2
2
(∣∣A(u)∇u∣∣p−2 + η p−22 )B(u)|∇φ|2 dt dx0 2 0
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∫ ∫
B(x0,
1
2 r0)×(0,T )
(
C
(
r
m+1
2 + r)p−2 ∧ a0
4μ1
+ (2η)p−22
)(
mrm−1 + 1
2
)
|∇φ|2 dt dx
= T
(
Cμ1
(
r
m+1
2 + r)p−2 ∧ a0
4
+ 2 p−22 μ1η p−22
)(
mrm−1 + 1
2
) ∫
B(x0,
1
2 r0)
φ21 dx.
On the other hand,∫ ∫
B(x0,
1
2 r0)×(0,T )
φ21
(
a −Φ[u])dt dx

∫
B(x0,
1
2 r0)
φ21(x)
( T∫
0
a(x, t) dt −C2|Ω|r2T
)
dx

(
T
(
a0 −C2|Ω|r2
)) ∫
B(x0,
1
2 r0)
φ21(x) dx,
where |Ω| denotes the Lebesgue measure of the domain Ω .
Therefore we obtain
a0  C2|Ω|r2 +
(
Cμ1
(
r
m+1
2 + r)p−2 ∧ a0
4
+ 2 p−22 μ1η p−22
)(
mrm−1 + 1
2
)
.
Obviously if we let
η 1
2
(
a0
4μ1
) 2
p−2
, r min
{
m−1√1/(2m),( a0
4C2
) 1
2
,
1
2
(
a0
4Cμ1
) 1
p−2
,1
}
,
we can get
a0 
a0
4
+
(
a0
4
∧ a0
4
+ a0
4
)
= 3a0
4
.
This inequality does not hold. Therefore there exists one positive constant r > 0, such that no
nontrivial solutions u of the equation u = G(τ,f (u)+ (1 − τ)), τ ∈ [0,1], satisfy
0 < ‖u‖L∞(QT )  r.
Thus we complete the proof. 
Corollary 2. There exists a small positive constant r satisfying r < R, such that
deg
(
I −G(1, f (·)),Br ,0)= 0,
where Br is a ball centered at the origin with radius r in L∞(QT ).
Proof. It follows from Lemma 3 that there exists a positive constant r independent of τ , such
that
u = G(τ, f (u)+ (1 − τ)), ∀u ∈ ∂Br, τ ∈ [0,1].
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degree, we can see that
deg
(
I −G(1, f (·)),Br ,0)= deg(I −G(0, f (·)+ 1),Br ,0). (3.20)
From Lemma 3, we can infer that u = G(0, f (u)+ 1) admits no nontrivial solution in Br . Obvi-
ously, u = 0 is not a trivial solution of u = G(0, f (u)+ 1). Then u = G(0, f (u) + 1) admits no
solution in Br . Namely, deg(I −G(0, f (·)+ 1),Br ,0) = 0. Then, from (3.20) we have
deg
(
I −G(1, f (·)),Br ,0)= 0.
The proof is complete. 
Theorem 2. If the assumptions (A1), (A2) hold, then the problem (2.6)–(2.8) admits a nontrivial
nonnegative periodic solution uεη ∈ L∞(QT )∩CT (Q¯T ) and umεη ∈ Lp(0, T ;W 1,p0 (Ω)).
Proof. From the Corollaries 1 and 2, we can see that
deg
(
I −G(1, f (·)),Σ,0)= 1,
where Σ = BR \ Br , Bξ is a ball centered at the origin with radius ξ in L∞(QT ), R and r are
positive constants and satisfy R > r . By the properties of the Leray–Schauder degree, together
with Lemmas 1 and 3, we can infer that the problem (2.6)–(2.8) admits a nontrivial nonnegative
periodic solution. The proof is complete. 
Next we show some estimates on uεη.
Lemma 4. uεη satisfies the following:∫ ∫
QT
((∣∣∇umεη + ε∇uεη∣∣2 + η) p−22 )∣∣∇umεη + ε∇uεη∣∣2 dx dt C, (3.21)
∫ ∫
QT
∣∣∣∣∂u
m
εη
∂t
∣∣∣∣
2
dx dt  C, (3.22)
∫ ∫
QT
∣∣∣∣∂uεη∂t
∣∣∣∣
2
dx dt  C. (3.23)
Proof. By Lemmas 2 and 3 we know the solution uεη ∈ Σ of the problem (2.6)–(2.8) satisfies
r < ‖uεη‖L∞(QT ) < R, (3.24)
where r , R are constants independent of ε, η.
Multiplying Eq. (3.16) by umεη + εuεη, and integrating the result over QT , we obtain∫ ∫
QT
(
umεη + εuεη
)∂uεη
∂t
dx dt +
∫ ∫
QT
((∣∣∇umεη + ε∇uεη∣∣2 +η) p−22 )∣∣(∇umεη + ε∇uεη)∣∣2 dx dt
K
∫ ∫ (
um+1εη + εu2εη
)
dx dt K
∫ ∫ (
um+1εη + u2εη
)
dx dt,QT QT
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bound of uεη, we have∫ ∫
QT
((∣∣∇umεη + ε∇uεη∣∣2 + η) p−22 )∣∣∇umεη + ε∇uεη∣∣2 dx dt  C,
where C is a constant independent of ε and η.
Multiplying Eq. (2.6) by ∂
∂t
(umεη + εuεη), and integrating the result over Ω , we obtain
∫
Ω
∂uεη
∂t
∂umεη
∂t
dx + ε
∫
Ω
∣∣∣∣∂uεη∂t
∣∣∣∣
2
dx + 1
2
∂
∂t
∫
Ω
|∇umεη+ε∇uεη|2∫
0
(s + η)p−22 ds dx
=
∫
Ω
(
a −Φ[uεη]
)
uεη
∂umεη
∂t
dx + ε
∫
Ω
(
a −Φ[uεη]
)
uεη
∂uεη
∂t
dx
= 2m
m+ 1
∫
Ω
(
a −Φ[uεη]
)
u(m+1)/2εη
∂
∂t
u(m+1)/2εη dx + ε
∫
Ω
(
a −Φ[uεη]
)
uεη
∂uεη
∂t
dx
 m
2
∫
Ω
∣∣(a −Φ[uεη])u(m+1)/2εη ∣∣2 dx + 2m(m+ 1)2
∫
Ω
∣∣∣∣ ∂∂t u(m+1)/2εη
∣∣∣∣
2
dx
+ 1
4
∫
Ω
∣∣(a −Φ[uεη])uεη∣∣2 dx + ε2
∫
Ω
∣∣∣∣∂uεη∂t
∣∣∣∣
2
dx.
Noticing that the first term of the left side of the above inequality can be rewritten as∫
Ω
∂uεη
∂t
∂umεη
∂t
dx = 4m
(m + 1)2
∫
Ω
∣∣∣∣ ∂∂t u(m+1)/2εη
∣∣∣∣
2
dx.
Then we have
2m
(m+ 1)2
∫
Ω
∣∣∣∣ ∂∂t u(m+1)/2εη
∣∣∣∣
2
dx + (ε − ε2)∫
Ω
∣∣∣∣∂uεη∂t
∣∣∣∣
2
dx
+ 1
2
∂
∂t
∫
Ω
|∇umεη+ε∇uεη|2∫
0
(s + η)p−22 ds dx
 m
2
∫
Ω
∣∣(a −Φ[uεη])u(m−1)/2εη ∣∣2 dx + 14
∫
Ω
∣∣(a −Φ[uεη])uεη∣∣2 dx,
which together with the bound of a, Φ[uεη], uεη and the periodicity of uεη yields∫ ∫
QT
∣∣∣∣∂u
(m+1)/2
εη
∂t
∣∣∣∣
2
dx dt  C,
where C is a constant independent of ε. Noticing the bound of uεη again, we have
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QT
∣∣∣∣∂u
m
εη
∂t
∣∣∣∣
2
dx dt = 4m
2
(m + 1)2
∫ ∫
QT
um−1εη
∣∣∣∣∂u
(m+1)/2
εη
∂t
∣∣∣∣
2
dx dt  C,
∫ ∫
QT
∣∣∣∣∂uεη∂t
∣∣∣∣
2
dx dt  C,
where C is a constant independent of ε and η. The proof is complete. 
Theorem 3. If the assumptions (A1), (A2) hold, then a nontrivial nonnegative periodic solution
uε ∈ L∞(QT )∩CT (Q¯T ) and umε ∈ Lp(0, T ;W 1,p0 (Ω)) solves
uεt − div
(∣∣∇umε + ε∇uε∣∣p−2(∇umε + ε∇uε))= (a −Φ[uε])uε. (3.25)
Proof. By (3.21), (3.22) and (3.24), we see that for any given ε > 0 there is a subsequence
of {uεη} (without loss of generality, we may denote it by {uεη}) and a periodic function uε such
that as η → 0,
uεη → uε in L∞(QT )∩C(QT ),
∂uεη
∂t
⇀
∂uε
∂t
in L2(QT ).
Noticing (3.21), we also get∫ ∫
QT
∣∣∣∣(∣∣∇umεη + ε∇uεη∣∣2 + η) p−22 ∂(u
m
εη + εuεη)
∂xi
∣∣∣∣
p
p−1
dx dt C. (3.26)
This implies that there exists μεi ∈ L
p
p−1 (QT ), i = 1, . . . , n, such that(∣∣∇umεη + ε∇uεη∣∣2 + η) p−22 ∂(umεη + εuεη)∂xi ⇀ μεi in L
p
p−1 (QT ). (3.27)
Hence,∫ ∫
QT
(
uεϕt −με∇ϕ +
(
a −Φ[uε]
)
uεϕ
)
dx dt = 0, (3.28)
where με = (με1, . . . ,μεn), ϕ ∈ C1(Q¯T ) with ϕ|∂Ω×(0,T ) = 0 and ϕ(x,0) = ϕ(x,T ).
Now for any ϕ given as before, we show∫ ∫
QT
∣∣∇umε + ε∇uε∣∣p−2(∇umε + ε∇uε)∇ϕ dx dt =
∫ ∫
QT
με∇ϕ dx dt. (3.29)
Noticing the fact that for the vector function F(X) = |X|p−2X,
F ′(X) = |X|p−2I + (p − 2)|X|p−4XX
is a nonnegative matrix, therefore,(
F(X)− F(Y )) · (X − Y) 0. (3.30)
Then for any v ∈ Lp(0, T ;W 1,p0 (Ω)), ζ ∈ C1(Q¯T ),0  ζ  1, with ζ |∂Ω×(0,T ) = 0 and
ζ(x,0) = ζ(x,T ),
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∫ ∫
QT
ζ
(∣∣∇(umεη + εuεη)∣∣p−2∇(umεη + εuεη)− |∇v|p−2∇v)
· ∇(umεη + εuεη − v)dx dt  0. (3.31)
Noticing that∫ ∫
QT
ζ
(∣∣∇(umεη + εuεη)∣∣2 + η)(p−2)/2∣∣∇(umεη + εuεη)∣∣2 dx dt
=
∫ ∫
QT
ζ
(
umεη + εuεη
)(
a −Φ[uεη]
)
uεη dx dt +
∫ ∫
QT
(
1
m+ 1u
m+1
εη +
ε
2
u2εη
)
ζt dx dt
−
∫ ∫
QT
(
umεη + εuεη
)(∣∣∇(umεη + εuεη)∣∣2 + η)(p−2)/2∇(umεη + εuεη)∇ζ dx dt,
and for p  2,(∣∣∇(umεη + εuεη)∣∣2 + η)(p−2)/2∣∣∇(umεη + εuεη)∣∣2  ∣∣∇(umεη + εuεη)∣∣p,
combing with (3.31), we get∫ ∫
QT
ζ
(
um+1εη + εu2εη
)(
a −Φ[uεη]
)
dx dt +
∫ ∫
QT
(
1
m+ 1u
m+1
εη +
ε
2
u2εη
)
ζt dx dt
−
∫ ∫
QT
(
umεη + εuεη
)(∣∣∇(umεη + εuεη)∣∣2 + η)(p−2)/2∇(umεη + εuεη)∇ζ dx dt
−
∫ ∫
QT
ζ
∣∣∇(umεη + εuεη)∣∣p−2∇(umεη + εuεη)∇v dx dt
−
∫ ∫
QT
ζ |∇v|p−2∇v · ∇(umεη + εuεη − v)dx dt  0. (3.32)
Since (∣∣∇(umεη + εuεη)∣∣2 + η)(p−2)/2∇(umεη + εuεη)
= ∣∣∇(umεη + εuεη)∣∣p−2∇(umεη + εuεη)
+ (p − 2)η
2
∇(umεη + εuεη)
1∫
0
(∣∣∇(umεη + εuεη)∣∣2 + ηs)(p−4)/2 ds
and
lim
η→0
∫ ∫
QT
(p − 2)η
2
1∫
0
(∣∣∇(umεη + εuεη)∣∣2 + ηs)(p−4)/2 ds
× (umεη + εuεη)∇(umεη + εuεη)∇ζ dx dt = 0,
letting η → 0 in (3.32), then
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QT
ζ
(
um+1ε + εu2ε
)(
a −Φ[uε]
)
dx dt +
∫ ∫
QT
(
1
m+ 1u
m+1
ε +
ε
2
u2ε
)
ζt dx dt
−
∫ ∫
QT
(
umε + εuε
)
με∇ζ dx dt −
∫ ∫
QT
ζμε∇v dx dt
−
∫ ∫
QT
ζ |∇v|p−2∇v∇(umε + εuε − v)dx dt  0. (3.33)
Setting ϕ = ζ(umε + εuε) in (3.28), we obtain∫ ∫
QT
ζ
(
um+1ε + εu2ε
)(
a −Φ[uε]
)
dx dt +
∫ ∫
QT
(
1
m+ 1u
m+1
ε +
ε
2
u2ε
)
ζt dx dt
−
∫ ∫
QT
(
umε + εuε
)
με∇ζ dx dt =
∫ ∫
QT
ζμε∇
(
umε + εuε
)
dx dt,
substituting the above equation into (3.33), we get∫ ∫
QT
ζ
(
με − |∇v|p−2∇v
)∇(umε + εuε − v)dx dt  0. (3.34)
By taking v = umε + εuε − δϕ, δ  0, in (3.34), we have∫ ∫
QT
ζ
(
με −
∣∣∇(umε + εuε − δϕ)∣∣p−2∇(umε + εuε − δϕ))∇ϕ dx dt  0,
where ϕ ∈ C1(Q¯T ) with ϕ(x,0) = ϕ(x,T ) and ϕ|∂Ω×(0,T ) = 0. Then, letting δ → 0, we see that∫ ∫
QT
ζ
(
με −
∣∣∇umε + ε∇uε∣∣p−2(∇umε + ε∇uε))∇ϕ dx dt  0.
Obviously, if we let δ  0, we can get the inverted inequality. So we can obtain (3.29) by choosing
suitable ζ , s.t. suppϕ ⊂ supp ζ and ζ = 1 on suppϕ. Therefore, we have∫ ∫
QT
(
uεϕt −
∣∣∇umε + ε∇uε∣∣p−2(∇umε + ε∇uε)∇ϕ + (a −Φ[uε])uεϕ)dx dt = 0, (3.35)
that is uε is a solution of Eq. (3.25). The proof is complete. 
Now we prove the main result of this paper.
Proof of Theorem 1. By Lemma 4 and Theorem 3, we know that uε ∈ L∞(QT ) ∩ CT (Q¯T ),
umε ∈ Lp(0, T ;W 1,p0 (Ω)). Hence by (3.21), (3.23), (3.24) and (3.36) we see that there is a sub-
sequence of {uε} (without loss of generality, we denote it by {uε}) and a periodic function u such
that as ε → 0,
uε → u in L∞(QT )∩C(QT ),
∂uε
⇀
∂u
in L2(QT ).
∂t ∂t
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r < ‖uε‖L∞(QT ) < R,
where r , R are constants independent of ε. Setting ϕ = −(umε + εuε) in (3.35), we have∫ ∫
QT
−uε
(
umε + εuε
)
t
dx dt +
∫ ∫
QT
∣∣∇umε + ε∇uε∣∣p dx dt
=
∫ ∫
QT
(
a −Φ[uε]
)(
um+1ε + u2ε
)
dx dt.
Noticing that
∫∫
QT
−uε(umε + εuε)t = 0 due to the periodicity of uε and combing with the above
inequality, we get∫ ∫
QT
∣∣∇umε + ε∇uε∣∣p dx dt  C. (3.36)
This implies that there exists νi ∈ L
p
p−1 (QT ), i = 1, . . . , n, such that∣∣∇umε + ε∇uε∣∣p−2 ∂(umε + εuε)∂xi ⇀ νi in L
p
p−1 (QT ).
Hence,∫ ∫
QT
(
uϕt − ν∇ϕ +
(
a −Φ[u])uϕ)dx dt = 0, (3.37)
where ν = (ν1, . . . , νn), ϕ ∈ C1(Q¯T ) with ϕ(x,0) = ϕ(x,T ) and ϕ|∂Ω×(0,T ) = 0.
Now for any ϕ given as before, we show∫ ∫
QT
∣∣∇um∣∣p−2∇um∇ϕ dx dt = ∫ ∫
QT
ν∇ϕ dx dt. (3.38)
Using (3.30), we see that for any v ∈ Lp(0, T ;W 1,p0 (Ω)), ζ ∈ C1(Q¯T ),0  ζ  1, with
ζ |∂Ω×(0,T ) = 0 and ζ(x,0) = ζ(x,T ),∫ ∫
QT
(∣∣∇(umε + εuε)∣∣p−2∇(umε + εuε)−|∇v|p−2∇v) ·∇(umε + εuε −v)dx dt  0. (3.39)
Noticing that∫ ∫
QT
ζ
(∣∣∇(umε + εuε)∣∣p)dx dt
=
∫ ∫
QT
ζ
(
umε + εuε
)(
a −Φ[uε]
)
uε dx dt −
∫ ∫
QT
(
1
m+ 1u
m+1
ε +
ε
2
u2ε
)
ζt dx dt
−
∫ ∫
QT
(
umε + εuε
)∣∣∇(umε + εuε)∣∣p−2∇(umε + εuε)∇ζ dx dt,
combing with (3.39), we get
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QT
ζ
(
um+1ε + εu2ε
)(
a −Φ[uε]
)
dx dt −
∫ ∫
QT
(
1
m+ 1u
m+1
ε +
ε
2
u2ε
)
ζt dx dt
−
∫ ∫
QT
(
umε + εuε
)∣∣∇(umε + εuε)∣∣p−2∇(umε + εuε)∇ζ dx dt
−
∫ ∫
QT
ζ
∣∣∇(umε + εuε)∣∣p−2∇(umε + εuε)∇v dx dt
−
∫ ∫
QT
ζ |∇v|p−2∇v∇(umε + εuε − v)dx dt  0. (3.40)
Letting ε → 0 in (3.40), then∫ ∫
QT
ζum+1
(
a −Φ[u])dx dt − ∫ ∫
QT
1
m+ 1u
m+1ζt dx dt
−
∫ ∫
QT
umν∇ζ dx dt −
∫ ∫
QT
ζν∇v dx dt
−
∫ ∫
QT
ζ |∇v|p−2∇v∇(um − v)dx dt  0. (3.41)
Setting ϕ = ζum in (3.37), we obtain∫ ∫
QT
ζum+1
(
a −Φ[u])dx dt − ∫ ∫
QT
1
m+ 1u
m+1ζt dx dt
=
∫ ∫
QT
umν∇ζ dx dt +
∫ ∫
QT
ζν∇um dx dt,
substituting the above equation into (3.41), we get∫ ∫
QT
ζ
(
ν − |∇v|p−2∇v)∇(um − v)dx dt  0. (3.42)
By taking v = um − δϕ, δ  0, in (3.42) and then letting δ → 0, we have∫ ∫
QT
ζ
(
ν − ∣∣∇um∣∣p−2∇um)∇ϕ dx dt  0,
where ϕ ∈ C1(Q¯T ) with ϕ(x,0) = ϕ(x,T ) and ϕ|∂Ω×(0,T ) = 0. Obviously, if we let δ  0, we
can get the inverted inequality. So we can obtain (3.38) by choosing the same ζ as in Theorem 3.
Therefore, we have∫ ∫
QT
(
uϕt −
∣∣∇um∣∣p−2∇um∇ϕ + (a −Φ[u])uϕ)dx dt = 0,
that is we obtain a periodic solution u of the problem (1.1)–(1.3). Furthermore, by Lemmas 1
and 3, we can see that this solution u is nontrivial and nonnegative. The proof is complete. 
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